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Abstract In this paper, we give the Hormander's L 2 theorem for Dirac operator over an 
open subset Q £ R™ +1 with Clifford algebra. Some sufficient condition on the existence 
of the weak solutions for Dirac operator has been found in the sense of Clifford analysis. 
In particular, if J? is bounded, then we prove that for any / in 1? space with value in 
Clifford algebra, there exists a weak solution of Dirac operator such that 



Du = f 



^>- | with u in the L 2 space as well. The method is based on Hormander's L 2 existence 

r ) ■ theorem in complex analysis and the L 2 weighted space is utilised. 
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1 Introduction 

The development of function theories on Clifford algebras has proved a useful set- 
ting for generalizing many aspects of one variable complex function theory to higher 
dimensions. The study of these function theories is referred to as Clifford analysis 
Brackx et al(I982)|[Huang et al(2006)j|Gong et al(2009)||Ryan(2000)| , which is closely 



related to a number of studies made in mathematical physics, and many applications in 
this area have been found in recent years. In [Ryan(I995)| , Ryan considered solutions of 
the polynomial Dirac operator, which afforded an integral representation. Furthermore, 
the author gave a Pompeiu representation for C 1 -functions in a Lipschitz bounded 
domain. In Ryan(1990)|, the author presented a classification of linear, conformally 



invariant, Clifford-algebra- valued differential operators over C", which comprised the 
Dirac operator and its iterates. In [Qian and Ryan(1996)] , Qian and Ryan used Vahlcn 
matrices to study the conformal covariance of various types of Hardy spaces over hy- 
persurfaces in R". In De Ridder et al(2012)|, the discrete Fueter polynomials was in- 



troduced, which formed a basis of the space of discrete spherical monogenics. Moreover, 
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the explicit construction for this discrete Fueter basis, in arbitrary dimension m and 
for arbitrary homogeneity degree k was presented as well. 

In [Hormander(1965)| , the famous Hormander's L 2 existence and approximation 
theorems was given for the 8 operator in pseudo-convex domains in C™. When n = 1, 
the existence theorem of complex variable can be deduced. The aim of this paper is 
to establish a Hormander's L 2 theorem in K" +1 with Clifford analysis, and present 
sufficient condition on the existence of the weak solutions for Dirac operator in the 
sense of Clifford algebra. 

Let A be a real Clifford algebra over an (n+l)-dimensional real vector space M. n+1 
and the corresponding norm on A is given by |A| = y(A, A)o (see subsection l2.1[) . Let 
fi be an open subset of R™ +1 , L 2 (f2,A, p) be a right Hilbert ,4-module for a given 
function tp 6 C 2 (/2,R) with the norm given by Definition l2"9l (see subsection 12. 3p . D 
denotes the Dirac differential operator and the dual operator D of D is given by ((3]). 
For x = (xo,a;i, ...,£„) € R n+1 , A = X)"=o 7TT' Then we can obtain our main results 
as follows. 

Theorem 11 Given f S L 2 (f2,A,<p), there exists u 6 L 2 ((2,A,<p) such that 

Du = f (1) 

with 

IMI 2 = / Hle-^dx < 2 2n c (2) 

Jn 

if 

|(/,a)*,|o < 4~D* v a W 2 = c / \D* v <x\ 2 e-*dx, Va € C%°(n,A). (3) 

Jn 

Conversely, if there exists u £ L 2 (f2,A,tp) such that (QJ) is satisfied with 

\\u\\ 2 <c 
Then we can get the inequality (0) for norm estimation. 

The factor 2 2n in ([2]) comes from the definition of the norm in Clifford analysis. If 
n = 1, then the factor would disappear which gives a necessary and sufficient condition 
in the theorem. From the above theorem, we give the following sufficient condition on 
the existence of weak solutions for Dirac operator. 

Theorem 12 Given tp e C 2 {f2,R) and n > 1; Aip > 0, and g|^- =0, i ^ j, 1 < 

i,j < n and |^ < 0, 1 < i < n. Then for all f E L 2 {Q, A, tp) with J n J^e^dx = c < 
ex), there exists a u € L 2 (f2,A, <p) such that 

Du = f 

with 



lull 2 



/ \u\ 2 e- v dx < 2 2n f ^e'^dx. 
Jn ' '° " Jn A V 



Remark 13 Assuming x — (xo,xi, ...,x n ) € M™ +1 , it is easy to see that <p(x) = x 2 
satisfies the conditions in Theorem\l°A Another simple example would be 



ip(x) = (n + l)xo-^2 



xl 



v=i 



It is obvious that Ap(x) — 2, -7p§ = —2, and g x .g x . =0, i ^ j, 1 < i,j < n. 
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Corollary 14 Given ip £ C 2 (.!?,R), and <p(x) = <p(xo) with <p"(xo) > 0. Then for all 

i f i 2 
/ £ L 2 (f2,A,p) with J" '-^■e~ v dx — c < oo, there exists a u £ L (Q,A,tp) such that 

Du = f 

with 



lull 2 



/ \u\le~ v dx < 2 2n f J/ke-^cte. 
Jn Jn <-p" 



It is noticed that there is nothing to do with the boundary conditions of fl in the 
above results. This phenomenon is totally different with the famous Hormander's l? 
existence theorems of several complex variables in [Hormander ( 1 965)] . Then we can also 
have the following theorem on global solutions. 

Theorem 15 Given ip £ C 2 (R" +1 ,R) with all derivative conditions in Theorem \11\ 

if 2 
satisfied. Then for all f £ L 2 (R" +1 , A, ip) with L„+i -j^ a -e~ v dx = c < oo, there exists a 

u £ L' 2 (W l+1 , A, ip) satisfying 

Du = f 

with 

l/lo„-, 



u 



= I |„|;v ---r/,-^2'" / ^e~^dx. 
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On the other hand, if the boundary of Q is concerned, we consider a special kind of 
domain J?o = {x £ K n+1 : a < xo < b} for any a, b £ R with a < b, then we can get 
the following theorem within L 2 space instead of L 2 weighted space. 

Theorem 16 Let f £ L 2 (Qq,A). Then there exists a u £ L 2 (Qq,A) such that 

Du = f 

with 

f \u\ 2 dx<2 2n c(a,b) f \f\ 2 dx 

and c{a 1 b) is a factor depending on a, b. 

Proof Let <p{x) = x$. It can be obtained that L 2 (f2o,A) = L 2 (ilo,A, <p) for the bound- 
ary of xq ■ Then the theorem is proved with Theorem 1121 

Remark 17 In particular, any bounded domain fi in R ra+1 can be regarded as one type 
of Qq. Therefore, it comes from Theorem 1 16] that for any f £ L 2 (f2,A), we can find a 
weak solution of Dirac operator Du = f with u £ L 2 (f2, A). 



2 Preliminaries 

To make the paper self-contained, some basic notations and results used in this paper 
are included. 



2.1 The Clifford algebra A 

Let A be a real Clifford algebra over an (n+l)-dimensional real vector space R n+1 
with orthogonal basis e := {eo, ei, ..., e„}, where eo = 1 is a unit element in R™ +1 . 
Furthermore, 

{dej +e 3 e t = 0, i ^ j 
e 2 = -1, i = l,...,n. 
Then A has its basis 

{&A = ehx-h r = e hl - ■■ e hr : 1 < hi < ... < h r < n, 1 < r < n). 
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If i G {hi, ..., h r }, we denote i € 4 and if i ^ {h\, ...,h r {, we denote i (jL A. A — i 
means {hi, ...,h r }\ {i} and A + i means {hi,..., h r }U{i}. So the real Clifford algebra is 

composed of elements having the type a = ^2 x a&a, in which xa € K are real numbers. 

A 
For a € A, we give the inversion in the Clifford algebra as follows: a* — ~^2 x a£*a 

A 
where e* A = (-l)l A le^i and \A\ = n(A) is the r e Z+ as e A — e hl ... hr . When A = 0, 
6a = eo, 1-4 1 = 0. Next, we define the reversion in the Clifford algebra, which is given 

by a^ = ^x A e A where e A = (— l)'l ^l _1 )l A '' 2 e A . Now we present the involution which 

A 
is a combination of the inversion and the reversion introduced above. 



^ = E 



XA^A 



where eA = e*2 = (— l)*-' A ' +1 -" A '/ 2 e^. From the definition, one can easily deduce that 
eA^A == &A&A = 1- Furthermore, we have 

A/i = /2A, VA,/i e .4. 

Let o = ~2~2 xa^a be a Clifford number. The coefficient xa of the e^-component will 

A 

also be denoted by [a] a- In particular the coefficient x$ of the eo-component will be 

denoted by [a]o, which is called the scalar part of the Clifford number a. An inner 

product on A is defined by putting for any A, \i <G A, (A, /j,)q := 2 n [Xp]o = 2™ ^ Xa^A- 

a 

The corresponding norm on A reads |A|o = \/(A, A)o- 

We define a real functional on A that t &a : A — >• M 

/-r- i,\ O"/ 1^(1-41 + 1)1-41/2,, 

In the special case where A = we have 

(r eo ,/x) =2"/i - 

Let i? be an open subset of K n+1 . Then functions / defined in fi and with values 
in A are considered. They are of the form 

/( x ) =^2fA{x)e A 

A 

where /a(x) are functions with real value. Let D denotes the Dirac differential operator 

n 

D = y~] eid Xt , 

i=0 

its action on functions from the left and from the right being governed by the rules 
Df = ^ e t e Ad Xi fA and fD = ^ e A eid x J A - 

i.A i,A 

f is called left-monogenic if Df = and it is called right-monogenic if fD = 0. The 
conjugate operator is given by 

n 

D = y~] ejd Xi . 

It can be found that 

DD = DD = A 

where A denotes the classical Laplacian in M™ +1 . When n = 1, one can think of xq as 
the real part and of Xi as the imaginary part of the variable and to identify e\ with i. 
the operator D then take the form D = d Xo + id Xl , which is similar with the operator 
d in complex analysis. 
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2.2 Modules over Clifford algebras 

This subsection is to give some general information concerning a class of topological 
modules over Clifford algebras. In the sequel definitions and properties will be stated 
for left ^4-module and their duals, the passage to the case of right ^4-module being 
straight-forward. 

Definition 21 (unitary left ,4-module) Let X be a unitary left A-module, i.e. X is 
abelian group and a law (A, /) — > A/ : A X X — l X is defined such that VA, \x G A, and 

f, g e x 

(1) (A + M )/ = A/ + t if, 

(2) \fjLf = X(fif), 

(3) \(f + g) = \f + \g, 
U) e f = f- 

Moreover, when speaking of a submodule E of the unitary left A-module X , we mean 
that E is a non empty subset of X which becomes a unitary left A-module too when 
restricting the module operations of X to E. 

Definition 22 (left _4-linear operator) // X, Y are unitary left A-modules, then 
T : X —¥ Y is said to be a left A-linear operator, if V /, g G X and A G A 

T(Xf + g) = XT(f) + T(g). 

The set of all "T" is denoted by L(X,Y). IfY = A, L{X,A) is called the algebraic 
dual of X and denoted by X* alg . Its elements are called left A-linear functionals on X 
and for any T G X* alg and f G X , we denote by (T, /) the value of T at f. 

Definition 23 (bounded functional) An element T G X* ali) is called bounded, if 
there exist a semi-norm p on X and c > such that for all f G X 

\(TJ)\ <c-p(f). 

Theorem 24 (Hahn-Banach type theorem) [Brackx et al(1982)\ Let X be a uni- 
tary left A-module with semi-norm p,Y be a submodule of X, and T be a left A-linear 
functional on Y such that for some c > 0, 

\(T,g)\ <c-p(g), \/g G Y 

Then there exists a left A-linear functional T on X such that 

(1) f \ Y = T, 

(2) for some c* > 0, \(T,f)\ < c*-p(f), V/ G X. 

Definition 25 (inner product on a unitary right ,4-module) Let H be a unitary 
right A-module, then a function ( , ) : H x H — > A is said to be a inner product on H 
if for all f,g, h G H and A G A, 

(1) (f,9 + h) = (f,g) + (f,h), 

(2) (f,g\) = (f,g)\, 

(3) (f,g) = (gj), 

(4) (r eo , (/, /)) > and (r eo , (/, /)) =0 if and only if f = 0, 

(5) <Te ,(/A,/A)>< | A|g(r eo) (/,/)). 

From the definition on inner product, putting for each / G H 

II /H 2 = (r eo , (/,/)>, 
then it can be obtained that for any f,g G H, 

\{r eo , (/,<?))! <||/||NI,||/ + 5||< ll/H + \\g\\. 

Hence, || • || is a proper norm on H turning it into a normed right A-module. Moreover, 
we have the following Cauchy-Schwarz inequality. 
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Proposition 26 \Brackx et al(1982)^j For all f,g£H 7 \(f,g)\ < \\f\\\\g\\. 

Definition 27 (right Hilbert .A-module) Let H be a unitary right A-module pro- 
vided with an inner product ( , )• Then is it called a right Hilbert A-module if it is 
complete for the norm topology derived from the inner product. 

Theorem 28 (Riesz representation theorem) \Brackx et al(1982)\ Let H be a right 
Hilbert A-modules and T £ H* alg . Then T is bounded if and only if there exists a 
(unique) element g £ H such that for all f £ H , 

T(f) := (TJ) = (gj). 



2.3 Hilbert space of square integrable functions 

Now we extend the standard Hilbert space of square integrable functions to Clifford 
algebra. First, we denote L 1 (i7,/i) and L 2 (f2,/j,) be the sets of all integrable or square 
integrable functions defined on the domain Q £ R™ +1 with respect to the measure //. 
Then L 1 (f2,A, /i) and L 2 (f?,A, /i) are defined as the sets of functions / : Q — > A which 

are integrable or square integrable with respect to \i, i.e., if / = ^2 fA^A, then for 

A 
each A, fA £ L 1 (f2,fi) and f\ £ L 1 (f2, /j,), respectively. Then one may easily check 
that L 1 (i7,^l, /z) and L 2 (f2,A,n) are unitary bi-„A-module, i.e., unitary left-.A- 
module and unitary right-„A-module. Furthermore, for any f,g £ L 2 (f2,A,/T), f £ 
L 2 (n,A,n) while fg £ L 1 (f2, A, j«), where f{x) = fix) and (fg)(x) = f(x)g{x), X € Q. 
Consider as a right .A-module, define for f,g £ L 2 (f7,A,/J,) that 

(f,s) = / f(x)g(x)d/j,. 
Jn 

Furthermore for any real linear functional T on A 

(T,(f,g)) = (T, I f(x)g(x)d l x) = I (T, f(x)g(x))d». 
Jn Jn 

Consequently, taking T — r eo we find that 

(Teg, (/»/)) = (reo, / f( x )f(x)d^) = / (r e „, f(x)f(x))dfi 
Jn Jn 

|2, 



\f(x)\ 2 dfi. 
a 

Hence, for all / £ L 2 {n,A,fi), (r eo , (/,/)) > and (r eo , (/,/)) = if and only if 
/ = a.e. in Q. Then it is easy to see that under the inner product defined, all 
conditions for L 2 (f2,A,n) to be a unitary right inner product .A-module are satisfied. 
Since L 2 (fi, A, fj) — J\ A L 2 {D, /T), we have that L 2 (f2, A, //) is complete; in other words 
L 2 (f2,A,n) is a right Hilbert .A-module, with the norm 



I /lr = (r eo , (/,/))= / \f(x)\ 2 dtx 
Jn 



for f £L 2 (f2,A,/J.). 



Definition 29 (weighted L 2 space) Similar with L 2 (i7,A, n), we can define the 
weighted L 2 (H,A,ip) for a given function (p £ C 2 (.f2,R). First, let 

L 2 (f2, <p) = {f\f :f2^R, f \f(x)\ 2 e-* dx < +oo}. 

Jn 

Then we denote 

L 2 {H,A^)={f\f:Q^A, f = Y J lAe A , f A £L 2 {Q^)}. 
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Moreover, for all f,g G L 2 (H,A,(p), we define 

(f,g)<P= / f{x)g{x)e~ <p dx. 
Jn 

Then it is also easy to see L 2 (f2,A,ip) is a right Hilbert A-module, with the norm 

ll/H 2 = (r eo , (/,/)„> = / \f{x)\le^dx 
Jn 

forfeL 2 (n,A,<p). 

2.4 Cauchy's integral formula 

Let M be an (n+l)-dimensional differentiable and oriented manifold contained in some 
open subset E of R™ +1 . By means of the n- forms 

dxi = dxo A ■ • • A dxi-i A dx Xi+1 A • ■ ■ A dx n , i = 0, 1, ..., n, 

an .A-valued n-form is introduced by putting 

n 

da = y^^-iyejdxj, 

4=0 

similarly, denote 

n 

da = y ^(—l) l eidxj. 

4=0 

Furthermore the volume- element 

dx = dxg A ■ ■ • A dx n 
is used. 

Proposition 210 (Stokes-Green Theorem) jBrackx et al( 1982)1 V />5 e C 1 ^,^) 
t/ien /or any (n+l)-chain fl on M C I?, 



/ /do-5 = / (/£)<?<& + f f{Dg)dx, 
Jan Jn Jn 

I fdvg = / (/£>)<?<& + / f(Dg)dx. 
Jon Jn Jn 



I on 
Remark 211 Denote Cq°(/2, R) as the set of all smooth real-valued functions with 

compact support in Q and C^{Q,A) :— {f\f : O —> A, f = J2 fA^-A, /a € C^°(J7, 

A 
If f or g € C^° (J? , A) , then we have from the Stokes-Green theorem that 



(fD)gdx = - / f(Dg)dx, 
a Jn 

f (fD)gdx = - f f(Dg)dx. 
Jn Jn 

Lemma 212 If u{x) £ C 1 {f2,A), then~Du = uD. 
Proof Let u{x) = J2a e AUA- Then 

Du = y j ejfiXd Xi UA = J^ e.AGid Xi UA = uD. 

i,A i,A 

Lemma 213 \Huang et al(2006)\ If u(x) = Y^A e A UA > v ( x ) ~ J27=o eiVi ' ^ len 

n 

D{uv) = (Du)v + u(Dv) + y X e 3 u ~ uej)d x .v. 

3=1 
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2.5 Weak solutions 

Let L} oc (fl,A) := {/|/ :fl^A, f = EfAe A , I A e L} oc (fl,R)}. Then we define the 

A 

weak solution in the sense of Clifford algebra as follows. 

Definition 214 (D solution in weak sense) If f £ Lj oc (fl,A), u : fl — > A is a weak 

solution of 

Du = f (or Du = f) 

if for any a £ Cg°(fl,A), 

I afdx = (aD)udx (or / afdx = (aD)udx). 

Jo Jn Jn Jn 

It should be noticed that if u is a weak solution of Dirac equation Du = 0, in addition, 
if u is smooth in fl, then it is left-monogenic. Now it is natural to give the definition of 
A solution in the weak sense. 

Definition 215 (A solution in weak sense) If f € Lj oc (f2, A), u : Q — » A is a weak 
solution of 

Au = f 
if for any a £ C^(Q,A), 

j afdx = I (Aa)udx. 
Jn Jn 

Theorem 216 If f £ Lj oc (fi,A), and Df = in weak sense, then f is left-monogenic 
at any point of fl. 

Proof : Since Df = in weak sense, then Af = in weak sense. By Weyl's lemma, / 
is smooth in fl and has Af = in classical sense, then of course / is left-monogenic at 
any point of fl. 

Remark 217 This is useful to deal with uniqueness of weak solutions, for example, 
if u, v £ L] oc (fl,A) are two weak solutions of Du = /, then u = v + w with any w 
left-monogenic. 

Remark 218 An important example of a left monogenic function is the generalized 
Cauchy kernel 

G(x) ' ~ 



OJn+l \x\ n+l ' 

where w n +i denotes the surface area of the unit ball in R™ +1 . This function obviously 
belongs to L\ oc (fl,A) and is a fundamental solution of the Dirac equation in the classical 
sense at any point of M. n+1 except 0. However, it is not a weak solution of the Dirac 
operator. In fact, if it satisfies Df = in the weak sense, then from Theorem \216l it 
must be left-monogenic in the any point of fl which could include 0. Therefore, we get 
a contradiction. 

For / <E L 2 (fl,A,(p), u : fl — ¥ A. If Du = f, based on the Stokes-Green theorem, 
we can define the dual operator D of D under the inner product of L 2 (fl, A, ip). For 
any a £Cg°(fl, A), 

(a, f)ip = / afe~ v dx= / ae~ v fdx 
Jn Jn 



(ae ip )(Du)dx 

= - / ((ae- v )D)udx 

Jn (4) 

((ae~ tp )D)e Lp ue~ ip dx 



-evD(ae-v)ue~ v dx 

= (-er v D(ae^ v ),u) v = (D*a,u) v , 
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where U* a = -e v D(ae- v ) = a(Dtp) - Da, i.e. 

(a,Du) v = (D v a,u) v . 
In the same way, we also have 

(Du,a) v = (u,D tp a) v . 

3 The proof of Theorem [TT] 

Now we are in the position of proving Theorem 1111 

Proof (Sufficiency) From the definition of dual operator and Cauchy-Schwarz inequal- 
ity in Proposition 1261 we have 

|(/,a)vlo =\( Du , a ) v \o = \(u,D* v a) v \l 

<NM|£>II 2 

<c-\\Dlaf. 

(necessity) We aim to prove the necessity with Riesz representation theorem. First, we 
denote the submodulc 

E = {D* v a, a€C%°(n,A), <p e C 2 (n,R)} c L 2 (n, A, <p). 

Then we define a linear functional Lf on E, i.e., Lf G E* alg for a fixed / € L 2 (il, A, if) 
as follows, 

(L f ,D* v a) = (f,a) v = / / • a ■ eT v dx e A. 
Jn 

From ([2]), we have 

\(L f ,D* v a)\ = \(f,a) v \ < ^c- ||S^o||, 

which meas that Lf is a bounded functional from Definition 1231 By the Hahn-Banach 
type theorem in Theoreml24l Lf can be extended to a linear functional Lf on L 2 (f2, A, if), 
and with 

\{L f ,g)\ <V*\\g\\ t \JgeL 2 (Q,A, V ), (5) 



where v^* = y/c ■ |e |o, since |ca|o = 2™ /2 , then c* = 2™c from [Brackx et al(1982)| . 



Now we are in the position to use the Riesz representation theorem for the operator 
Lf. From Theorem l28l there exists a u € L 2 (Q 1 A, f) such that 

(L f ,g} = (u,g) v ,VgeL 2 (n,A,ip). (6) 

For Va € C£°(tt, .A), let g = D* v a. Then 

(/,a)v =(Lf,D v a) = (u.D^a),, = (L>u,a) v , 

which deduces that 

/ fae~ v dx = / (Du)ae~ v dx. 
Jn Jn 

Conjugating both sides of above equation leads to 

/ af ■ e~ v dx — I a(D)ue~ tp dx. 
Jn Jn 

Let a = ae v , it can be obtained that 



/ afdx = f a(Du)dx, Va £ C^(Q,A), 
Jn Jn 
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Therefore, 

Du = f 

is proved from the definition of weak solutions. 

Next, we give the bound for the norm of u. Let g = u = ^2 A e A u A £ L 2 (Q, A, if), 
from ([5]) and ©, we get that 



|(u,^|o<vV|M|. (7) 

On the other hand, 

|(m,iO v |o =| / uue~ v dx\ a 



2™ ■ [ / uue v dx ■ \ uue ^cfa:] 
Jn Jn 

2™[ / C^2u 2 A + ^2 e A e B u A u B )e~ v dx ■ / (^ u\ + ^ e A e B u A u B )e-^dx] ( 

•' n A A^B , ' n A A=£B 

2" [( / E <^dx) 2 + ( / V u A u B e-*dx) 2 ] , 



n A^B 



and 



Ml 2 



f \u\le-fdx = 2" / [uw]oe- v da; = 2" f Y]u\ ■ e~ v dx 
Jn Jn Jn A 

So we have ||u|| 4 = 2 2n • {J n J2 u A ' e-^dx) 2 . Hence, 

|(«, u)„| 2 = 2"[( / V u\ ■ e^dx) 2 + ( / V UAMs e-^dx) 2 ] > 2-"|| M || 



/r2 A#B 



Combining with Q, it is obtained that 

|| M || 2 <2"/ 2 |( U , M ) v | <2"/ 2 V^h||, 

and 

Hull 2 < 2 2n c. 



The proof is completed. 



4 The proof of Theorem [12] 



It should be noticed that inequality (J3]) in Theorem ITTI is related with a £ Cq°({2,A). In 
the following, we will give another sufficient condition that has nothing to do with the 
space C£°(fi,A). First, we need to compute the norm of ||D a|| for any a £ Cq > {Q,A). 
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\Dla\\ 2 = / \D* v a\le-*dx 
Jn 



= / ( T e ,D v a- D v a)e v dx 
Jn 

=<Te , / D* v a ■ L>* ae~ v dx) 
Jn 

=(Te ,(-D^o;,-D*a) v ) 

= (T eo ,(a,DD* ip a) tp ) 

=(r eo , (a, D(a(Dip) - Da)) v ) 

— " d 

= (r eo , (a,Da(Dtp) + aAip - Act + }X e 3 a ~ ae j) a — (^ >l p))^>) 



(re,,, (a, D v {Da) + aAtp + ^(e^a - ae )^— (Dip)) v ) 

3=1 Xj 



j=i 



9x 



— * — "a 

(r eo ,(a,£> v (£»a)) v + (a.aA/j)^ + (a,^(ej-a - aej)— -(D(p)) v ) 



dxj 



3=1 ' ° 



— * — n d 

=(r eo ,(a,£> v (-Da)) v ) + (r eo , (a,a^) v ) + (r eo , (a.^foa - aej)-^— (Dip)) v ) 

j=i 3 

--h+h + h, 



where 



/i =(T eoi (a,D v (Da)) v ) = (r eo , (Da, Da)^) = ||Da|| 2 , 
^"2 =(T eo ,(a,aZ\(^) v > = / |a|oApe _,p da;, 



n 



and 



^3 =(r eo ,(a,^(e J a-ae J )^— {Dip)) v ) 



dxj 

3 = 1 J 



n „ n o 

„ (a, ^(e,a - ae,) — (^ *-£))*) 

j—1 3 i— * 



n n 



j=l »=o ' ' ; ' ' 



q2, 



/* Q2 

Jn j=i i=o i l 

r n n ~2 

/ (r eo , a ^ ^(ej-aei - ae^e,) V ) e - ip dx. 

JO • 1 • n UXjUXt 



3 = 1 1=0 



It should be noticed that if n = 1, i.e., the space M 2 is considered, then I3 = 0. 



12 Yang Liu et al. 

Since for 1 < i, j ' < n and i ^ j, ej&i = —e 3 &{ = e-i&j = —ei&j. For simplicity, let 



n n „2 

3=1 j=0 ■? * 



n n 



( T eo > 2^ 2^( ae J ae ' ~ aae e i) dx .Q x ) + ^o.LK^II-^jeili g^g^ ) 

j — 1 2 — 1 ^ j — 1 ^ 



" o2 " n2 

^\r eal 2_Jyae l ae l - aae l e i )— —) + (r eo , } \<xe 3 <xei)- 



■ dx 2> ^^^~~J—" dxdx 



}i=> 



jV^t 



+ (r eo , 2_,{ ae j ae a ~ cxaejeo)- 



d 2 <p 



dxjdxQ 1 

3 = 1 J 



n n2 n a2 

(Teg, 2_Jyae l ae l -aaJT-j) + (r eo , 7 ^aejaej)- 



dxV N eo '^- v J "dxidx 



i=i l j^i 

(Teo^iaejaeo - aae e )- — - — ) 

^— f OX j OXo 

3 = 1 



3^^i 



=h+h+h. 



Assume a = J^ a^e^ € -A, a — ^2 a A eA, then for any 1 < i < n, 

A A 



A A 

|A|(|/1| + 1) 



E - 1 t - 1 111 ^ — ^ 

(-1) 2 a A eAei ■ £^(-l)a A e A ei 

A A 
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Therefore 
h =(T e „, '^ j {ae i ae i - aa)—^) 



dxf 



d 2( P\ A, \d 2( P\ 



dxf 1 v>^~~'dxl 



n ^9 n a o 

i=\ A A * i=l ' 

i=l A * i=l * 



=2- E®- 1 )^^ 1 ^ • *& ■ ™ ■ (-!) j 



|A|(|A| + 1) , , Q / , (|A|+l)(|A|+2) 

-1) 

i=l i^A 



A|(|A| + 1) | 1 ^9 f ^ (|A|-1)(|A|) ,9 2 y) ^-^ tfd If 



32 n q2 

(-1)^^ +1 ■ a| • el=7 • ex-i ■ (-1) 2 )^ - E 
ieA 



ft-? ^' a l0 aa ,2 (g) 



~r> V^,V^/ , |A|(|A| + 1) . (|A| + l)(|A|+2) „ 

= 2 L(L( -1 ' 2 2 ' a ^ 



|A|(|A| + 1) , , , (|A| + l)(|A|+2) 
-1) 

i=l i^A 

a2 n o2 

E |A|(|A| + 1) , . , (|A|-1)(|A|) O.OU) \— \, ,nO (f 

ieA * i=i * 

™ a2 ™ q2 

or»V"W"V -,\|A| 2 2 , V"V nl^| 2 +l „2 -, g jg V^ l„|2 ° jg 

= 2 2J2^ -1 ) -"a + zJ- 1 ) ■ a ^)^" _ z^i Q! io^2- 

i=l i^A ieA 2 i=\ l 

=2"E( E (- 2 )^+ E (- 2 )^)|| 

* =1 i<£A,\A\ 2 is odd ieA,|A| 2 is even l 

--2" +1 E( E °i+ E «i)^- 

4=1 i^A,|A| 2 is odd jgA,|A| 2 is even * 

To consider V^, we first study ae^a for any 1 < j ' < n. Without loss of generality, let 
e J =e 1 , a = J2 a AZA, a = J2 ola&a- Then ae x a = (J2 cue^eiQ] ol A &a)- 

A A A A 

When eA = &i&h 2 e h 3 • • • eh r , where 1 < /12 < /13 < • • • < h r and 1 < r < n. 

r(r+l) 

a^eAei =ai/ l2 .../» r (-lj 2 • eie h2 e h3 ■ ■ ■ e hr ■ ei 

r(r+l) , /q\ 

=ai/i 2 -h r (-l) 2 eh 2 eh 3 •••e/ lr W 

aAe^ei =ai/ l2 .../, r eie/ l2 ■ ■ ■ e/, r ■ ei = a lh2 ... hr {-l) r e h2 ■ ■ ■ e hr . 

When eA = ei. 



(10) 



a^eAei =ai 
aAe^ei = - ai. 

When e^ = eh 2 eh 3 ■ ■ ■ eh r , where 1 < /12 < /13 < ■ ■ ■ < h r and 1 < r < n. 

, ,. (r-l)(r) 

a^eAei =a/ l2 .../ lr (— 1J 2 ■ e^e^ • • • eh r • ei 

=a/ l2 .../ lr (-l) " 2 " +r_1 eie /l2 ■ • • e hr ( n ) 

aAe^ei =ah 2 ...h r eh 2 ■ • • e/j r • ei = a ft2 .../ lr (-l) r ~ 1 eie/ l2 • • • e/, r . 

When eA = eo, 



aA&A&\ =a ei 



(12) 
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To compute I7, one needs to know the coefficient for eo of ae\a — 6tae\. It means that 
we should find out the corresponding terms of eie/j 2 e/j 3 • • • e/j r and eh 2 • ■ • e/j r in ae± and 
a, in a and ae±. 

Case al. For ae\a, from (|lip. the corresponding terms of eieh 2 &h 3 • • • e/j r with 
1 < /12 < ha < ■■ ■ < h T and 1 < r < n in aei = (Y^°LA&A)ei and a = ^a^e^ are 

A A 

OLha-hr(.—l) 2 +r_1 eie/ l2 •• -efc r and aift 2 .../ lr eie/j 2 • • • e hr , respectively. Multiplying 
these terms leads to 

, M)(r) , 

(-1) 2 eie/j 2 • • -e^ r • eie^ 2 • • ■ e hr ■ a lh2 ---h r ■ a h2 ... hr 

(r-l)(r) , _ x ■ (r)(r+l) , > 

= (-1) 2 (-1) 2 • ei ■••e/ lr • eie^ 2 •••e/ lr •ai/, a .../ lr a/, a .../ lr U^j 

(r)(r+l) . _ 1+ (r-l)(r) 

= (-1) 2 2 • atih 2 -h r ah 2 -h r - 



On the other hand, for aeia, from ([S]), the corresponding terms of e^ 2 e^ 3 • • • eu r with 1 < 

hi < /13 < • •• < h r and 1 < r < n in ae\ and a are a\h 2 ---h r {— 1) 2 hr e/j 2 e/j 3 ■ • • e/j r 
and ah 2 ---h r Gh 2 ■ ■ ■ &h r , respectively. Multiplying these terms leads to 

(r»r+l) |r 

(,— J-J 2 &h 2 ---h r ■ &h 2 —h r ' Qtl/ia— hr ' a /i2---'v 

W(r+1) (r-l)(r) . . 

= (-1) 2 (-1) 2 -ehz-hr. ■ e h2 ... hr ■ ai h2 ... hr a h2 ... hr (14) 

(r)(r+l) (r-l)(r) 

= (-1) 2 2 • aih 2 -h r a h2 -hr ■ 



From ([13]) and (1141) . these two terms vanish. 

Case a2. For ae\a, from (fT2l) . the corresponding terms of e\ in aei and a are aoei 
and a\e\, respectively. Multiplying these terms leads to 

aoeiaiei = — a^ai. (15) 



On the other hand, for ae\a, from (110|) . the corresponding terms of eo in aei and a are 
ai and ao, respectively. Multiplying these terms leads to a^ai. Combining with (|15[) . 
these two terms also vanish. 

From Cases al and a2, one can obtain that the coefficient for eo of aeia equals zero, 
i.e., 



'eo J 



n 

E 

j=i 






Case bl. For aaei, from (jlip . the corresponding terms of eieh 2 e/i 3 •••&h T with 
1 < hi < ft.3 < • • • < h r and 1 < r < n in aei = (J2 a A^A)^i and a = ^a^eU 

A A 

are ah 2 .--h r (~ l) r eie/, 2 • • • e/j r and aih 2 ... ft, r ele^ • • • e^ r , respectively. Multiplying these 
terms leads to 

(ot, lh2 ... hr eie h2 ■ ■ -e hr ) • {a.h 2 -h r eh 2 • • ■ e/,. r • e\) 

= (aih 2 -h r eieh 2 • • • eh r ) ■ ((~^) r ~ &x&h 2 • • • &h r ' ah 2 -h r ) (I 7 ) 

= (-l) r ~ 0L\h 2 -h T ■ OLh 2 -h T - 

On the other hand, for aaei, from ([9]), the corresponding terms of eh 2 eh 3 ■ • • eh r with 
1 < /12 < /13 < • • • < h r and 1 < r < n in aei and a are ai/i 2 .../ ir (--l) , 'e/j 2 ■ • • &% T and 
a.h 2 —h r e-h 2 • • • e^ r , respectively. Multiplying these terms leads to 

(cth 2 -h r eh 2 ■ ■ -e-h r ) ■ (uih 2 ---h r e\ ■ ■ ■ e hr ■ e{) 

= (oth 2 ---h r eh 2 ~ TTT eh^) ■ ((-l) r e h2 ■ ■ ■ e hr ■ a.ih 2 ---h T ) (18) 

= (— l) r ah 2 ..-h r ■ &lh 2 —hr- 

From ([T7| and (|T8|) . these two terms vanish. 
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Case b2. For aaei, from (|12[) . the corresponding terms of ei in aei and a are aoei 
and aiei, respectively. Multiplying these terms leads to 

aoeiaiei = aoai. (19) 

On the other hand, for aaei, from (|10p. the corresponding terms of eo in aei and a 
are —a\ and ao, respectively. Multiplying these terms leads to — a$ai. Combining with 
([T9")l . these two terms also cancel. 

From Cases bl and b2, one can obtain that the coefficient for eo of ae\a equals zero, 
i.e., 

<r eo ,£(aae^)^-£-)=0. (20) 

j=i ■> 

Thus, I 7 = from flUD and ([20]). 

To compute J6, i.e., to get [ae,-ae.j]o for i =/= j, similar with the analysis of I-j, we 

should divide the vectors in aei and ae~j into four cases. 

Case cl. i € A, j $• A for e A in a and i $. B, j E B for eg in a with A — i 
For this case, firstly, we assume e A = eh 1 ---h v[i) ---h r and h p (i) = i, es — eu x - 

and h p (j) — j. We have 



B-j. 



r(r+l) 



a^e^e, =c*a(— 1J 2 • e/n • • • e, • • • e hr ■ e% 

^(-l^+^W+ie^ 
a B eBe =ase/j 1 ■ ■ • e 3 ■ ■ ■ ■ e^ r • e~j 

=a B (-l) r_p(: ' ) eh 1 • • • ejBj ■ ■ ■ e hr , 
=a B (-l) r - pU) e B - j . 



Then 



a A e A e i a B e B ej=aA(-l) t ^ +r - p(i)+1 eA-ia B (-iy- pU) e B -j 

^a A a B (~l) Ll ^ 11+r - pil)+1+r - pU)+ r ^ 1) e A ^ eB- ] (21) 

=a A a B (-l)'' 2+1 - p(l) - p(j) . 

Case c2. i $. A, j E A for e^ in a and i E B, j $■ B for es in a with A + i = B + j. 
We assume e A = e hl ... hpU) ... hr and /i^ = j, e B = e hl ... hp{i) ... hr and /i p (j) = i. We 
have 

r(r+l) 

a A e A ei =a A (-l) 2 • e^ • • • ej ■■■ eu r ■ e i} 
a B e B Sj =ot B e% 1 ■ • • e, • • • e/, r • ej 

= - a^e^ • • • e, • • • e; lr • ej 
=a B eh t ■ ■ -e 3 ■ ■ ■ ■ e hr ■ ej. 

Then 

r(r+l) 

aAeAeia_Be_Be-, =a,4(-lj 2 ■ e^ • • • ej ■ ■ ■ e/, r • e i a B e/j 1 ■■■ej--- e hr ■ e t 

r(r+l) (r+l)(r+2) 

=qaQb(-1) 2 2 e/u ■■ -ej ■ ■ ■ e hr ■ e t e hl ■ ■ ■ ej ■ ■ ■ e hr ■ e< 

=a A a B (-lf +1 . 

Case c3. i E A, j E A for e^ in a and i $ B, j $■ B for es in a with A — i = B + j, 
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For this case, we assume e A = e hl ... hpli) ... hpl . y .. hr+2 with h p(i) = i, h p (j) = j. With- 
out loss of generality, we assume i < j. Furthermore, let e B = e/ ll .../ lr . We have 



aAeAGi =o>a{-1) 2 • e hl ■ ■ ■ e» • • ■ e, • • ■ e hr+2 ■ e 

(r + 2)(r+3) 



^(-l)^^''^-^) ■ e hl ■ ■ ■ ey ■ ■ e hr+2 ■ e\ 
=a A (-l) ir± ^ +r+1 - h V-e hl ---e j ---e hr+2 
=a A (-l) Ir±2 ^ ±a +-+ 1 -''W+r+2-'.a) . efci . . . ehr+2 . e ., 
a B e B ej =a B e hl • • • &h r • e~j 

= - Q-B&hi ■ ■ -ehr ■ e.j- 



Then 



a A e A eia B eBej =a A {-l) 2 ' +r+1 /l W+ r + 2 h 0') . e hl • • -e hr+2 ■ ej(-l)a B e hl ■ ■ ■ e hr ■ e 

(r+2)(r+3) _ fem _ fe( ,-, 

=cua B (-l) 2 w UJ ■ e hl ■ ■ ■ e ftr+2 ■ e^ ■ ■ ■ e hr ■ e,- 



(r + 2)(r + 3) fef ,-s , , -■, . ( r +l)( r +2) 

=a A a B (-l) 2 nw nw+ 2 ■ e hl • • • e hr + 2 ■ eje hl ■ ■ ■ e hr ■ e, 

=a A a B (-iy 2 - h ^- h W . 



Case c4. i £ A, j $ A for e^ in a and i E B, j E B for e B in a with A + i = B — j. 

For this case, we assume e A = e hl -h r , e B = e hl ... hp{zy .. hp{j) ... hr+2 with h p ^ = 
i, h p tj\ — j and % < j. We have 



r(r+l) 

a^eyiei =au(-lj 2 ■ e^ • • • e/, r • e;, 



=a B (-l) r+2 ' l(:,) • e hl ■ ■ ■ a ■ ■ ■ e hr+2 ■ e ej 
=a B (-l)'"+ 2 - fc W)+'-+2-fc(0-i . ehi . . . e , r+2 . ei 

=a s (-l) 1 -' l «- /l «-e /(1 ---e fer+2 -e, 
Then 



a^eAejasesej =a^(-l) 2 • e hl ■ ■ ■ e hr ■ e^sf-l) 1 ' l(j) h(l) • e hl ■ ■ ■ e hr+2 ■ e, 
=a A a B (-l) !1 T- +1 "'' w ^ w ■ e hl ■ ■ ■ e hr ■ e* • e hl ■ ■ ■ e hr+2 ■ e t 

r(r+l) . x h( ,s h( .s . (r+l)(r+2) 

=a A a B (-l) 2 + °> w+ 2 • e hl ■ ■ ■ e hr ■ e, ■ e hl ■ ■ ■ e hr+2 ■ e t 
=a A a B ^lf- h ^- h ^. 
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Combining cases cl-c4, we have 

/ 6 =(r eo ,^(ae,ae l )^-£-; 



n /} 2 

7 "eo»Z!((Z]eAa>i)ej(^e B a B )e i ) ; 

5V , 



n 

> X! ((E e A a A )e l (^ e B a B )ej 



q2 



ay 

dxidxj 



n 

= E( Te <" (E ^ a -*) e '(E e B a B )ej) 

j^i A B 

= E< Te °> (E eka^eiE eBaB ^d^T. 

jjH A B l i 

n 

= 2 "E( E a^ B (-l) r2+1 - p(t) - p(3) 

j^i ieA. j£A;A—i= B —j 

+ Y, a A a B (-lf +1 

i$_A, j£A;A+i=B+j 

_i_ V^ ^ ^ f i"\r a -fc(j)-fc(») 

+ 2_^ 0lA0l B {— 1) Ul y > 

ieA, jeA;A-i=B+j 

_i_ V^ „ „ ( i\r 2 -h(i)-h(i)\ ® f 

+ ^ a A a B (-l) (] )^ x -q x - 

i£A, j£A;A+i=B-j J 



In all, 



Is = Ii& v dx 
J n 

= [ {h + h + h)e- v dx 
J a 



£( E <+ E °^U e '" dx 

i=1 i$A,\A\ 2 is odd ieA,\A\ 2 is even * 

J2( E a A a B (-l) r2+1 - p(l) - pU) 

- 2 jjti ieA, jt?A;A-i=B-j 

+ J2 a A a B {-lf +l 

i£A, jeA-.A+i=B+j 
ieA, j£A;A-i=B+j 

i£A, j£A;A+i=B-j J 



Then 



||I>* a|| 2 = \\Da\\ 2 + / \a\lA V e^dx + I 3 . (22) 

Jn 

If -„ — #— =0, j^ j, 1 < i, j < n and -s-^ < 0, 1 < z < n, we have Ja > 0, and 



||D>|| 2 > / |a|g^e-^(fc. 
Jr2 



With the above analysis, we can prove Theorem [T"2l easily. 
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Proof It is sufficient to prove the theorem if condition (|3|) in Theorem QT] is presented. 
By Cauchy-Schwarz inequality in Proposition B51 we have for any a £ Co°(J2, .A) that 

\{f,oi)<p\o = 1 / f-ae- v dx\ 2 
J a 

= l //w Q 

ii — i ii 9 i , i n 9 

y/Atp" 




f I / |2 - /" I 12 

/ , , Le v dx • / a • \f Au> Le v dx 



<c||^a|| 2 . 



The proof is completed with Theorem [TT] 

It should be noticed that when n = 1, -Z3 = 0. Then it comes from equation 
that the Hormander's L 2 theorem in R 2 could be described which equals the classical 
Hormander's L 2 theorem in C. 



Corollary 41 Given ip £ C 2 (£2,M.) with fl being an open subset ofM 2 ; Aip > 0. Then 

f ml, 

In Atp 



for all f £ L 2 (f2,A, if) with J„ -jMe~ ip dx = c < 00, i/iere exists a u £ L 2 (f2,A, ip) such 



that 

Du = f 

with 



5 Conclusion 

In this paper, based on the Hormander's L 2 theorem in complex analysis, the Hormander's 
L 2 theorem for Dirac operator in R n+1 has been obtained by Clifford algebra. When 
n = 1, the result is equivalent to the classical Hormander's L 2 theorem in complex 
variable. Moreover, for any / in L 2 space over a bounded domain with value in Clifford 
algebra, there is a weak solution of Dirac operator with the solution in the L 2 space as 
well. The potential applications of the results will be studied in our future work. 
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